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AUTHOR'S NOTE
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This article was originally written for preséntation at’ the

.
v

. annual meeting of the Amer1can Educatlonal Research Associa-

. .. . S
tion, New York, March. ‘1982 Spec1al thanks are owed to -
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MY X - —

eﬁpeclally 1ndebted to Dave W11ey and Annegret Harn1schfeger

- t * N ‘ - o
for théir eh¢ept1ona11y luc1d discussion- of the problem of,
nndimenéionality of. CAP skills aﬁd‘thei'. penetrfating ana-
~{yses of the phenomenon, ,-of course, retain sole.respon- *

. : - e

. sible for any rémainihg errors « of logic or“execution.‘_ The
views expressed here are not necessarily those of the Cali- -’

\ ’ ) " , . u- . '
fornia Department of Education.
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the Cal1fqrnia 'Asses§pent Erogram. f

\d -
- each matrix.

oo ’ ‘ .
) ’ . .
: 'ABSTRACT : . .
. L . . : . - ¢
This paper reports the results offan,invgstigation- of the
un1d1meys1onal1ty of the read1ng and mafhemat1cs tests af

1

Item 1ntercorrelat1on

a§h¢ the latent

.o

matr1ces were tonsbruqted for each’§§§\\1.

. . ,‘

roots egtraoied. M%thods‘oi put11er analys1s are, app11ed to
' * e - - « .
large‘drops in the size 6f the latent‘ roots from
v ‘ : Se N

*Results of féﬁtof analyses are ekamiﬂed, and

look-fdp.

.

item content is exam1ned to check the ocutcomes of the sfé-
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INTRODUCTION o, o

. . In 1980 <+the,California Assessment Program, (CAP) .intro-

. -

duced a new test for the third grade, which is administered

each spring to wore. than 280,000 students. Scaled scores

[ '
.

are iepofied;kfdnaﬁo different skills in reading, written . .
languége, and mathematics. ' The*model used to estimai? the

1 . -

scoreﬁ is based on item response curve (IRC) theory, and
" *includes parameters for the difficulfy and reliabilitx}of

items (Mislevy and Bock, 1980). . - ,

s

« Y . »

The mathematical model wused to measure performance on a

.
- . . e . -

o CAP skill, . assumes that the probability of success on an

N . ; «

,item depends only on the item parameters and on examinee )
- " v N

It

ability. This is the a;sumption of unidimensionality. Lord)" - .o
s o .
(1980, pp. " 20721) éuggeéts that if the items measure:one : _ = . '
- dimension, and if the IRC moéel hélds. ,then:the matﬁix of:"
- { tetrachoric inyercorrelaéions will ‘be of unit raﬁET/ To

-

. 1 y - o« o
© - examine. this possibility Lord sugges?s plotting the latent a

\L\ropts of the correlation matrix.. ~"If (1) the first root is

S . ’

R *\‘,_ v .
. ’large‘compaqed tgAEhe second and (2) the‘s%cond root is not . e .

PR - much larger than gng qf'ihe otheps, then the items -are . 3 . .z
. 3 . ’ Lo
5pprokimately uqidimensional.“,~n direct applicaﬁi&n of fhis® °

. . b M - P R e s

. * ; ‘se . . - -. * “ e . d. . - .
o o procedure - to CAP's ‘third grade -test is not possible for . - A .
. . f ¢ wa R .. .
R o » ? .
%. * several reasons. The CAP .test has 30 forms and is.adminis-~' ' - . , .
. ) 4 g 3 “ * . s . o .
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s ' .. }
. .. . . ( N z

téred according to a multiple matrix sampling design.
. . ’ t

'Although skills contain froﬁ:}en to tuwenty items, ®each stu-

dent sees at most one of these.  Furthermore, the school is 1

.

-

-

‘

" the basic unit for reporting and analysis. Mislevy and hoék
» .

&

(1980) describe_the aéplipation of IRC theory to this situa-

- . .
.

tion. *, They note ‘that- "under the CAP multiple matrix sa@-

N

pligg]design, each of a schbol's responses to items from a

-

giVen skill has been obtained from. a differént randomly _

L4 ” . <
For the school level analysis, then, the

*

selected pupil.”

'%tapaard assumption in IRC theory "of 'lqQcal’ or

F
3

'conditienal' independence is satisfied perfectly." Misle-

vey and Bock's paper containg a detailed. actount of the
— g
R ) Y

derivation of scores.

-
-

An anélysfs of unidimensionality of CAP skills was under-

taken by Wiley and Harnischfeger (1981) wusing data and ana-

B
- .

lyses supplied by the author. Their procedure involved

examination of the distribution of successive differences of

(A

logarifhms :aforoots to locate differences in ghacing 9f

. X ) 3 -
- -, h - - - . : - - .
roots 'which“might indicate discrepancies in root size.

%

- - -Method

4 < .
-

Matérials and procedure® The third ‘grade test w#is admin-
. . t , . . .
istqf?d{du}ing "April of 1980 to all third grade students ,
. T - . e . . .- \ Y
according té standardized procedures hy sqhool personngl.

¢ . Sow e a

v
oo,

'ﬁachﬁstudéht.was‘ asked :to COmpletg one. of thirty different

forms, spiraled to insure even distribution of , all fo}&s.

40

N

-
e
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P )
gach form containing.nine reading items, twelve mathematics,
: A A > . .

K
- -

Allocation. of réaéing .

-and thirteen writtenlanguage items.’

°
'

.. »and mathematics items to skillﬁ’i§' sﬁan in Tables 1 and 2. .

! . ) : -
. Ample time was allowed for completion: Aftér test -adminis-

tration the docﬁmenis werescollected and processed'off-site.

?rocédures for development of the items were deéigned.to

* assure content validity.< Specificatibns-for eath sk¥11 were
d - ] oo .

garefuliymeand narrowly defined. Item; were written. in

. . L4

accordance ¥ with the specifications and underwent. several
rounds of content review and field testing. Given the Tela-
tive fineness 6f Hefinitién of specifications, these proce-

d;:Es/?Snded to_support the hypothesis of undiminsionality

13 .

of item content in each skill.  This is a matter of consid~
w LI ‘
eeréd,lobicai.’and not statistical jhdgement.’ -While statis-
' . AN ) " -
tigal procedures discussed hére provide a useful adjunct for

making a judgement of unidimensionality, ~ they are not pro-
posed as a definitive criterion. B
. N

Analysis. For * each jtem in a irill the number of -

attempts and the n&mper of correct responses were tabuiated

¥ ¢
and used to calcuiété!a logit -itém score for each school.

Only larger schools, hgviﬁg at least two response§¢59r item

awere included in the analysis. Latéq} roots Were extracted
S :

? “

l .

o °



the first,

.

from,the’intercprrelation' matrix of the logit iteln scores.

The matrix waw factor anal?zed by the principal axis ﬁetﬁod.

factors with eigenvalues greater than' 1.0 wgre rétainéd. and

varimax rotated. This .procedure was regeated.ior .each of
« o ‘ . o \,.\ '_' . .

the 17 reading skills and the 20 mathematics skills.

¢ .

Statistical procedures described by Barnett and Lewis
- . ‘ 3 -

(1978) used to examine distributions for outliers

applied to examine the hypothesis of.'uqid}mensionality.
. [} A Y

Lqrdﬂs procedure asks whether the second root, in addition

to the first, is large with respect to remaining roots.

This is like asking whether the second root, in-addition to

is an upper outlier with respect to reméininé

roots. If thé answer is yes, this can be interpreted as

tack of support forqihe hypothesis of unidimensioﬁalfty.

5 . :

DA -

A class of sfafistibs'disaussed by Barnett and Lewis

involve taking ratios of difference scores. . The numerator

of the ratio is the difference between the outlier and some

- - - - L - -
function of the remaining observations. ., The denominator is

EIRY

a measure of spread,

.

such as a range or standard deviation.
w

The search for more than one upper outlier may involve con-
‘ . " "
secutive or sequential testing. .Each value is compared with

.
-~

its next lower. neighbdr or with a linear combination of
. .

lower neighbors. ‘ . ’ °

.

can be

o

g

\
-«*
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A 5 -
: Results | N ‘ : .
. A o t
R ' ’ * ) \. ’ ' ~ {
Tabl® 3 displays for each skill the f}rst.two roots, 'the-
/ . .
mean of the remaining roots’ and .the ratio _ .

(ropt2-mean)/(rdotl-root2). Relatively larger ratios can be

kY
a -

interpreted in terms of a.second root that is cioser to the ) .
. o

first root than:to th3<ﬁass of remaining roops. Inh generad,

math skills tend to have larger ratios and smaller initial

. 9 hd

rootE?than reading skills. The largest ratio belqngé fq the

.
nature of numbers-money and fractions skill. . .
. . ) .

\

&

e ——————— o e e e e e e ———————— - ——————— po

Inserttable 3 about here,

" , ¢

Figure I is a scatterplot witﬁ (rootl-root2)/range and o -

»

,(r&otz-hean)/range on the horizontal axis. Reading skills \
‘are «enoted by - "R", and mathema@ics skills by "M". Using ’ ' .
the range as a divisor tended to ‘produce a straight line s »

P .

plot, as shown, while similar plots using no divisor or the

standard devigtion were more amorphous, e.g. figure 2. . The

.
.

plot. This indicates tggt in réading there waé a larger
. 4 LY

S e
¢ ST,

and I

|
\
|
|
|
|
|
|
|
|
|
|
\
. i
reading skills are grouped in the uppef left corner of the ’ . .
; |
|
-drop from ‘fhe first‘to the second root than }n math,

that the second root in reading tends to be cipser' to the
. mean of remaining roots. The two extreme points in the¢
. .. R % : .7 .
~-lower right of the plot represent money and fractions and : .

’

basic skills operations. ) . . ) ", :
’ $ haul B R . \
M . C v E - R
. ‘ 3 '\
R i, )
o0 *- 2 v v ‘
- . < Ay lak - ‘
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" tions sk11l
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Insert figures 1, 2, 3 and 4 ‘about here.

Figure 3 is a plot‘gf the roots of the money and frac-

-
- “

. For comparison purposes figure 4,is a plot of . « - )

the roots of the nature of numbers applicatidns skill. The

second plot corresponds more nearl? to the ideal for a uni-
. v

-

7

dimensional skill. Plots of the logs of the e1genva1ues for

these two skllls are §nown in figurés. 5 and 6. The first
root is off the scale on both plots.' The roots fot.tnef
applications sk111 appear to form an.ynbroken curve, whiié
od b - * ' Y 4'-“.'- ’
"« the roots for “money and fractions do not, ., -with the s2cond .
and possib1§ the third root seeming to deviate, ' R
L ‘ ) %
, «Insert figures 5, 6, 7 and 8 about here o
\- had 9 ~ e
. Ki 5 e - * ,
« . ~

A plot of the linear.regre

s e

- ' ’ . .. _§
on serial position, excluding th first root, 1is shown in, A

Figuref 5.

-.054%x +

The equation of f e line is y(predicted) =

.347 . With the  exception of the setond root, : .

] ‘. - S
most of the points lie ,close to the line.

Guxgn\fhat its

deviation is .137, and the the standard error of estimate is
» o

. 055, this point'is 2.5 standard errors.from the line.

.

’

) c e

Figures. 7 and 8 display consecutive differences of logs

of roots That is, the first yaQne is (logl-loéz). the sec- - N
i 4 ) , ' N -
' » . . . / ' * .
. . \ - . <t ) . “:/u"

- - - e e



. . ; ' ' ) [N .
, . ' \ . \
- . .t . . 7
, - . R y “ i ) \ . " LN N
. . ond is (log2 - logd), and.so on. Again, for money gnd :
. - ) . ing c - b .
fractions the Second root does no$‘%ppeér to’ belong to the
i remaining mass. By contrast, the‘aﬁblications skill- has one ’
< .. s " 1 : . . N N
- - >
*large initial differencer followed by a sequence of much.
) smaller differences having no apparent upward 'or‘aownwand
RN trend. N : 6,
. E ) o L

I ?dr referenpe wiih,the factor analysis, ‘the items in the.'

. : :
. «

AR money and - frahtiqns skill are disp;ayed in\the. appendix.

L

~ - .

s - Baséd on logibai-aha};;i§ 6f content, there app&ar to be ;Wb:

--\\ G‘di§£inct types: .‘fho§e.involvin?'£he ;hading of a geoweiric :
ffﬁure; and 'thbse relaéing gp'.money. - There are ;éveralj

Lt majqr vqfiatioﬁs in foémat..3. Seven ﬁoney itéms {n;oive
trandating a picture of coins into,an amount of momey, and .
. \ . .

. + two involve translatipg numefjc to longhand written «@mounts. '

\ 13 P

. » Three fractions items' involve translating a numeric fraction
* Ty .

* -0 into & -shaded geometric shape and the remaining involve

g .

x %

. .

o translating a shaded shape into a particular numeric frac-

. - v - ’
~tion. © .
. 4 . -
. . = ’ . -
e . e s \ 4 .

. . . Results of the factor analysis are shown in Tahle 4.

] Although n6t.totally unambjiguous, some patterns may-he dis-
. . T [ . ’ . )
s . cerned. Items 2, 3, 4 and 6 (fractions) load positively on

.

: ~
+"factor ohe. Items 8 and 10,.- and to a lesser extent 12 and

< . « . |

bl ) ) ' . - ‘
- 14- (money), loaded positively on factdr two. . Items 5, 11 . o :
,and 13 (money) loaded nejatively on factor three. .The’situ- ' .
ation is not as clear for’ factors fouf and five. Items 4 . — .
. * .' ¢ ’ . ’ 'y -
- ' ' *
¢ J

) ) ' . . . ‘.

;EI{I(j e Ny ~ ‘ L 11 ' t . .

Aruitoxt provided by Eic

A
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v -
., ’ 8

‘ * - -
’ . L
s ' N \

. {fractions) afid 12 and 13 (money) ., load on {aéto§>f6§r, and

itghs i and 15 (fractions) and 7 and 11 (mbney) 'load vosi-

»

tively on factor five. c h

.

A question pemains as'to the extent item formats might

have influenced the - factor loadings. One of the fraction

v
P} 5

“item formats thiudes a fraction in the stem and options are
geometrical figures (items 1, 3, _and_15¥. The other frac-
N ! . .- i '\) . . «
tion item format includes a geométrical figure ,in, the stem,
. ’ .
. . i;g
-2

. . . \
and the ,optigns are fractions ( itams 2, 4 and 6). In fact,

’

.

o items 2, 4 and 6 load on factor one, and items 1 and 15 load

. 3 -

‘s L4 “‘-v' . 7
on:factor 5. Unexpectedly, iten 3 loads on f&ctor one.

‘wﬂile the evideﬁcé fo;sg\\iérﬁéy effeét is suggestive, it
. . RCE

- certainly is'négﬁéfnc{usive“n A similar. result obtained with

' ;oné;.iteméféfm%és.” ‘Items 9 éﬁ%ﬁllf involvi;é.trénslation'

of.of nu$érital ‘and writteh amouﬂis,{ did. load‘togethé;-op

factor three. Uhgxpectéﬂlyﬁk they a;efgjoineé by :item 5,

’
~N

which involved rec¢ognition of a coin "denomination. Addi-

. . . I . L e . <y
tgbﬁally,: item- 11 loaded rather heavily on"factork gjve,f
which seems to contain a little of ‘everything. s i

Y . - ‘.' ' \.-\. : . ’ “‘

T . Discussion - oL LN

L)

..* . One of 'the sfrikfﬁ% features of Table 3 is the diffeﬂence S

.
- . -

between mathematics and readinggskills..'Reading skills tend

v I »
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to have larger initial roots, smaller ratiq;/ and have a

’

. smaller'rangé‘of ratios. By contnast the mathematic

«... have.a much greater range, with basic facts operations and

ratios

=AY “v ’

{' .
money and fractlﬁng as two upper values. If the ratio by

itself could be considered an index of unidimensionaiity. it

°© L]

seems that redding . skills are fore so than mathematics
e ST, S

’ s:skills.  Even so, it is tgrue that great care was lavished

on skills to assure narrowly defined content. Possibly var-

[N 8

_iations in mathematics item formats,. which have no corre-

¢
spond1ng counterparts in reading, are partly respons1b1e for

¥ the difference. . Sty
L
The plots ‘of difference stat1st1cs. f1gures 1 and 2, show

‘A
13

a clump1ng and segregatlon of readrng skills, confirming a’

. < o -~

51m1Iar trend in Table 3 of rbots'and'ratios. Again. . the

“\
3

ﬂwo-nath' skills which stand out from the - rest are basic

J“

facts operat1ons and money and fractlons

. * .
» . . e

“woo.

Figure 1, with its nearly linear blqtfstands in contras%,

«

to the . more amorphous shapa of fjgure 2. Thﬁ{,effect of

A > e
. Yo

.
*

’ q-
on the ordinate. (rootl-rooﬁZ)/nangeﬂh

N <

on the abscissé, (rootZ-mean)%ﬁange. For skllls with rela-

F“ "’o

t1ve to the value

"Km\ -
.

- . . . .

small relative to those on the abscissa. as a»pesult. the-

-
<

T plot displays such oufl’ing skills on the lower .right.

< 5

) : . - R -

d1v1d1ng by the range increases: the value of of. the var1ab1e

tively large second roots the values on the ordlnate are _ .

0




’” \" - ‘ ot 10

.8 , 1 %

Figﬁre 3 is a plot\ef the latent roots’ for money and

a-

- fractions, and £1gure gg;fagbiays the roots for the appl1ca-
* s Egaas
t1ons sk1ll The relat1ve&? larger second root of money and

> ":l ,f:,,

fract1ons is the ma1n d1£ference between the two plots. The

e

,‘rema1n1ng f1guré§~attempt to make‘tne difference more evi-

dent. If the logs of the roots are plotﬁed. e.g, inlfigures~

4 and 5, the descrease in value of the rootg with increasing

[

ey e 2 . a .
serial position is more evidents Tentatively, one can .com-

. ’ .
~ .

pute a regression line.. deviations from the Iine. On this

. basis the second root of mghey and fractions was shown to be

x=,

Ay

e

A3

an outlier. Visual inspection of the applications rqots
Qr : .

* . -

indicates yo such outliers.  Certain limitations of this

\3_*".* ' ‘.’, P

approach must be acknowledged. It s assumed thateﬁhe dis-* "

tributions of latent roots satisfy those needed for fegres-
. - :
sion. ~ Even if tﬁese assumptions do not strictly hold, - it

may be that the anal?sis.yieldsé§n‘acceptable rule of thumb,

and in this case it appears to be so.

-
-

’
-

Figures 7 and 8 are’ plots of differences’ of successive
»

< .
pairs b; eigenvalues for the two skills under consideration.
-4

Large values indicate a 1large drop ‘- in root size. The
FY 4
results are generally consistent'nith earlier figures. The

applications skill shows-a large initial drop, followed by
. *i‘

much smaller diffenges. The money and fractions skill shows

a much smeller initial drop, followed by relatively large

second and tnird diifereces. with the remaining.differencesk

similar to those in applications.-




L

M

répresent “fractions. Factors four anf fixe were mixed.

" of ‘the test, " and related to a need for a certain type of

11

Compar1son of the factor 10ad1ngs, diﬁpIéyed i Table'Q,

— )
with the items_ in the append1x sseems to confirm that factor -« . .
. s, - . .

one respresents mon&}ﬁJitmééﬂénd:that factors 'two.and three’ =

v v
. . - ~

- . - ?

- . ) °. {.’1‘ ey

. v . 4 ’ . . .
There was some evidence for format factors. However, this v

@ v

hypothesis was clouded somewhat by the potpog:ri,,of itemg >

&

.G‘

loading on factors four-and five.
. L * . ff'..\{ . ~ -
Several techniques have Been presented for examining the N - )

v
' \ a @

hypothesis of unidimensionality. The evidence does nhot sup-, .

rr . ~

did not contrad1ct the hypothesis for t2g applications .

skilln The‘result confirmed a feature tha had,been built
into the test. . The mone§ and fractions skill was designed
N , 8 . E 4

to haée two types of items. This was the legitimate and

[, 9 »

cons1dered dec1s1on of 'the comm1ttee respons1ble for design

. . £

|
|
|
|
|
|
|
|
|
|
|
I
oot
port this 5ypothes1s for the money and fract1ons skill, but Ft . <

|
|
1
\
|
|
|
J
1
|
|
|
|
1
|
1
\
\
\

‘score. - Making statistical judgements-ﬁbout unidimensional- ’ 3 -

o - . . 3
ity was aided considerably by the presence of many other

skills for comparison'pﬁrpoées. This helped provide a sense
-, 4

of what was genuinely unusual and what was a mild-aberra-

- o~
Ao N . - -

tion. In addition, ﬁhere'we}e definite differences across

-~ » -

content areas. _COmparison of an isolated mathematics skill
with an isolated regding skill wodld have been mi%ieading;

-
.,

In hindsight, it seems imﬁortant to be aware of such differ-

>

ences. - * . . . :
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Examination of the figures is probably a reasonable way

. b e

" to make judgements about unidiﬁensionality? .Still, there is

«.~..analysis,

\
Py

. v

,often a fe1£ ,ﬁeed Egr'a ;ﬁatistic and a significance test.

< ~];«.~L*.* . - o

Keeping in mind

.
.

one way to procede. In final analysis one must take a close

caveats about the assumptions of regression

it seems that examination of residuals would be

.

look at iigm content. * Here factor analysis proved to be a

-useful adjunct;
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. STATISTICAL

L{?SXS sysvyen.

- % HaME £t E2 DI_D2  D2_MEAN  RATIO
, vouTLS . 3.7933% 1.00613 2.788 0.22 0.979
T CONSONANTS .o : J.892r% 0.95947 2.e22 0.203 0.073
2 FITFINSS SUFFIXES AKQ ROOTS y.45082 £8.C1570 3.359 0.261 0.078
CONTIACTIONS  —o . 3.26113 0.96%69 2.255 0.138 0.032
. LITD KEARING . R 9 LT 0. 523505 3.159 0.22 0.070
] CIHTENT . . 3.49958 0.993}s 2.505 0.202 0.0 )
SINSLE STNTEMCES ° §.20512 1.08379 3.120 . - 0.272 ... 0.037
THO CR TiNZE SEMTENCES 3. usum 1.05%07 2.411 0.234 5 0.052
[onauNs ' H315 . 1.05782 3.03%0 0.270. . 0.0%7
- L3 iatbret Hol BRI - ’ - 53, ?3 111285 2.624, 0.2:0 0.107
. HaTM X3EA . ’ ’ Ty 5'3*77 1.01783  3.335 . 0.215  0.0%S
" CAUSZ AVISEFFECT 4.72079 1.05765 3.653. 0.27a 0.075
: A3OUT CralACTER 3.au2s 1.016%1 2,826 0.23% 0s0cy
” FRC DETAILS 2.7970% 1.02559 1.77 0.211 0.119 )
OVERALL MIAMING 743 0.93722 1.83 0.15 0.032
ALPHATETIZING ) 3.23627 1.03920 2.197 0.214 0.053
N TASLZ OF CQUPENTS y.1123¢2 0.97017 3.143 0.207 0.056
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AGD AND SUBSTRACT AFPLICATICNS 2.17420 1.23023 -  0.97% 0.3C% 0.314
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2216 21\

22173
22183

zztz-w
2220-5
22214
2222-9

T 22232

2224~
2285=1C
2226~

2227-1 4.

2228-13
2229- 14
22301 g

0.21133

- - .

VARIMAX .
FACTORt  FACTOR2
0.09046  0.03195
0.6933¢  0.03022
0.57113  0.16890
0.38938 ~-0.05232

“ . 0.08596 0.06332
0.68370 -0.16599
~0.25979  0.12374
~0.10430 ., 0.67792
0.04499 " -0,45221
0.13154 0 0842
0.10731 -0.%3870
0.076¢87 0.32%3
'0.04%%6 - -0.01896
~0.02069 0.37002

'0.06319

e

ROTATEO FACTOR HATRIX

.
. -

FACTOR3

%
0.23226 -
=0.12663 "
-0.03e53,
0.14114
-0.76075
0.00185
-0.18183
~0.01791
-0.48093
;»0.02457
~0.44483
0.04338
-0.10358
-0.40731
~0.09681

e

FACTOR4  FACTORS

-0.10898  0.69658
0.01893  0.02761
0.06809 0.25029

-0.43360  0.31083
0.02343 ~ -0.03806

-0.£9597 ° 0.05600

-0.37703  0.40907

_0.01535  0.03725

~0.38966  0.05449

-0.0%269 0.07523
0.19633 0.45213
-0.4557% -Q.11599

~0.69313 0.06534
~0.36628 ~0.04421
-0.00784% 0.5409% ¢
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